In this paper, canonical transformations generated by constants of motion in the case of the Kepler problem are discussed. It is shown that canonical transformations generated by angular momentum are rotations of the trajectory. Particular attention is paid to canonical transformations generated by the Runge-Lenz vector. It is shown that these transformations change the eccentricity of the orbit. A method of obtaining elliptic trajectories from the circular ones with the help of canonical trajectories is discussed.
Introduction
Classical mechanics is one of the main areas of physics. University courses on this subject are taught at various levels. A standard introductory course includes basics of kinematics and dynamics based on Newton's equation. A two-body problem (Kepler problem-motion of a planet around the Sun) is often included in such a course; sometimes the discussion is restricted to circular orbits. However, Kepler's problem has other solutions in the form of elliptical trajectories. Motion along the circular trajectory is very easy to find, while motions along the elliptical trajectories are more complicated.
More advanced courses on classical mechanics, taught in advanced undergraduate or graduate level, include other topics such as canonical variables, Poisson brackets and canonical transformations. A full solution to the Kepler problem, including elliptical trajectories, is one of the standard examples. This is one of the few exactly soluble problems and most of the students enjoy it. This paper is devoted to the application of canonical transformations to the study of the Kepler problem and should be useful for students and instructors of the classical mechanics course at the advanced undergraduate level or graduate level.
Let us recall that canonical transformations are defined as the ones that preserve the Poisson bracket between canonical variables, see e.g. [1] . A very useful property is that canonical transformations transform one solution of the equations of motion into another solution with the same energy. Examples of such transformations are given in textbooks on classical mechanics, e.g. [1, 2] . However, in many cases these examples are trivial or at most very simple and therefore do not fully demonstrate their usefulness. In this paper we will show a much more illuminating example of the canonical transformations between various solutions of the equations of motion. As one of the results we will find the canonical transformation that transforms the motion along a circular orbit into another motion corresponding to elliptic motion.
In this paper we will answer an even more general question and find explicitly the canonical transformation between elliptical trajectories of different eccentricity. We will show that these transformations are generated by the additional constant of motion for the two-body problem, namely the Runge-Lenz vector. This class of canonical transformations provides a highly non-trivial example of the canonical transformations between various solutions of the equations of motion. Also the analysis presented in this paper sheds more light on the dynamical symmetries of the two-body problem.
Two-body problem and constants of motion
The two-body problem is well known in classical mechanics. A point mass (a planet) moves in the gravitational field of a massive body (the Sun). Because of the form of the gravitational interactions, the Hamiltonian is given by
where r = |r| = x 2 + y 2 + z 2 and p = (p x , p y , p z ). Solutions to the Hamilton equations of motion originating from this Hamiltonian can be found in many textbooks. In the case of negative total energy E < 0 and motion in the x, y plane, the trajectory is given by
with
The last equation, known as the Kepler equation, links the parameter ξ to the physical time t. The parameter t 0 determines the initial phase of the motion. The constants a, and ω are related to the conserved quantities, namely energy E and angular momentum L, by the
. Three components of the angular momentum L and energy E are the constants of motion. Conservation of angular momentum is related to the rotational symmetry of the two-body problem, whereas energy conservation is related to the time translation symmetry. Rotations and time translations form the symmetry group of the problem. However, this is not the full symmetry group. In order to discuss the full symmetry group (known also as dynamical symmetry) let us recall that the Kepler problem has an additional conserved vector quantity, namely the Runge-Lenz vector:
This vector has the length |A| = κ and is directed along the major semi-axis of the trajectory. Thus, the direction of the Runge-Lenz vector determines the orientation of the elliptical orbit in the plane of the motion, see e.g. [1] .
It is worth stressing that the length of the Runge-Lenz vector determines the eccentricity of the orbit, but also that the eccentricity can be expressed as a function of the angular momentum. Thus, the two vectors, A and L, are not fully independent.
The Runge-Lenz vector will play a crucial role in our discussion of the canonical transformations.
The two vectors, the angular momentum and the Runge-Lenz vector, together with the energy generate the dynamical symmetry group (full symmetry group) of the two-body problem. This is explained in the next section.
Let us mention that the additional constant of motion in the case of Kepler's problem was discovered and rediscovered many times and has been known by different names. The history can be found in [3] . Since the publication of Wolfgang Pauli [4] , where the spectrum of hydrogen was derived with its help, this vector became known mainly as the Runge-Lenz vector.
The symmetry group
The canonical transformation can be generated by any function of canonical variables. Let B(r, p) be such a function. The canonical transformation to the new variables x , p generated by B(r, p) is given by
and
where λ is a parameter. The expression {F, G} denotes the Poisson bracket between quantities F and G defined as
As a special but the most important case, we consider symmetry operations. These are the canonical transformations generated by constants of motion.
If B(r, p) is a constant of motion then transformation (6) does not change the energy, hence is a symmetry. In what follows we consider symmetry transformations only.
Canonical transformations generated by constants of motion form a group, called the symmetry group of the problem. In our case the symmetry group is generated by the energy, components of the angular momentum and components of the Runge-Lenz vector. In order to find the structure of the group let us calculate the Poisson brackets between the generators. We find for the angular momentum components
where ij k is the totally antisymmetric unit tensor. For the Poisson bracket between the angular momentum and the Runge-Lenz vector we find
The last relation between the components of the Runge-Lenz vector is a little bit harder. One gets
where H is the Hamiltonian of the system. We see that the Poisson brackets between the constant of motion do not form a closed set, since we got a product of the Hamiltonian and the component of the Runge-Lenz vector in equation (11). However, if we restrict ourselves to trajectories with a given negative energy E and rescale the Runge-Lenz vector A = − m 2E 1 2 A, we find that vectors L and A form a closed set. Poisson brackets are characteristic of the SO(4) algebra. Therefore, we say that SO(4) is the symmetry group of the Kepler problem.
The Poisson bracket relations between L and A can be simplified by introducing sum and difference between these two vectors. Define
We find the following Poisson bracket relations:
These relations show that the symmetry group SO(4) consists of two independent rotations in abstract three-dimensional spaces. SO(4) symmetry of the Kepler problem is discussed in detail within the framework of quantum mechanics; many references can be found to the quantum mechanical counterpart of this classical system, see e.g. [5] . It should be noted that the commutation relations between the quantum operators corresponding to the angular momentum and the Runge-Lenz vector are the same as the Poisson brackets between the classical quantities, up to the factor i/h. We will not pursue the quantum-classical analogy any further.
Simple symmetries-time translation and rotations
In what follows we will discuss the action of the symmetry operations on the Kepler trajectories. One of the simplest examples of a symmetry operation is when the generator of the canonical transformation B is the Hamiltonian. In this case the transformation is generated by a constant of motion, since energy is conserved. For infinitesimal λ, hence up to terms linear in λ, the transformations (6) and (7) give
Note that these relations are equivalent to the differential equations
These are simply Hamilton's equations of motion with λ playing the role of time. Therefore, it is very easy to find the transformation for finite values of λ. It simply comprises the time translation. In other words this canonical transformation shifts the initial phase t 0 of the trajectory by λ. Another simple and illustrative example is a canonical transformation generated by the z-component of the angular momentum L z . In this case B = L z = xp y − yp x . As before we will start with the case of infinitesimal λ; hence terms are linear in this parameter. The transformation becomes
In order to find the form of the transformation for finite values of λ, we interpret the above relations as the differential equations
These equations can easily be integrated, for finite values of λ, and we have
The same result can be obtained by considering transformation (6) and (7), and summing the infinite series. Hence we have shown that the transformation generated by L z is a rotation around the z-axis.
Other components of the angular momentum, L x and L y , generate rotations around x-and y-axes respectively. After such a rotation one gets a new solution of the equations of motion. The new trajectory is no longer in the x, y plane and its major semi-axis is no longer along the x-axis. Observe, however, that the energy remains unchanged. Also the total angular momentum does not change under rotation; therefore, the eccentricity of the rotated orbit remains unchanged.
It can be shown that all solutions to the equations of motion, characterized by the energy and eccentricity, can be obtained by a suitable rotation of the trajectory given by (2)- (4) and time translation.
Dynamical symmetry-canonical transformations generated by the Runge-Lenz vector
We will now investigate and interpret canonical transformations generated by components of the Runge-Lenz vector. This is less intuitive since the Runge-Lenz vector is not related to any obvious symmetry.
We will start with a discussion of infinitesimal transformation of the trajectory given by (2) and (3) generated by A y . We find, up to the linear terms,
Similar relations can be derived for p z , p z , p z . In order to get an idea what this transformation means, let us insert solutions (2)-(4) valid for infinitesimal λ into (25)-(26). We get
This looks rather complicated but we will show that this is nothing else but an expansion of the trajectory in the correction to eccentricity. Thus, we assume that the eccentricity of the trajectory gets changed to + η and expand the trajectory given by (2)-(4) into power series in η. Up to linear terms we get
Observe the similarity between formulas (27)- (28) and (29)-(30). In order to make the expansion in the correction to eccentricity identical to formulas (27)- (28), we introduce the angle τ such that = sin τ ; thus, √ 1 − 2 = cos τ and we expand the coordinates x and y in the correction to τ rather than in η. Thus, we put τ = τ 0 + δ and get
Observe that expansions (31)-(32) and (27)-(28) are identical if η = δaω. This proves that the infinitesimal transformation generated by A y changes the eccentricity of the trajectory. The proper parameter is not but rather the angle τ . Thus, the transformations generated by the Runge-Lenz vector A are generalized rotations in an abstract space. This is consistent with the results of section 3 that the symmetry group of the Kepler problem consists of rotations.
The relations derived above for infinitesimal transformations, relations (equations (25) and (26) and corresponding relations for the momenta) can be integrated to finite values of τ . We will not give explicit calculations here and restrict ourselves to the relations between eccentricities. We find that the canonical transformation generated by A y with an angle δ transforms an orbit with a given eccentricity , i.e. given τ into the orbit characterized by τ + δ. In other words, the transformation of the eccentricity is the following:
= sin(τ + δ) = cos τ + √ 1 − 2 sin δ. Since the eccentricity is closely related to the angular momentum, one may ask how does the angular momentum change under the transformation discussed. This can be found directly from the Poisson bracket between L z and A y . We know, see (10), that
One can prove that for the infinitesimal transformation generated by A y the z component of the angular momentum is transformed into
where τ is the infinitesimal parameter. For finite transformations generated by A y , we get
Also we can easily get the transformed Runge-Lenz vector:
Thus, the transformation generated by A y is a kind of rotation.
We may now consider a special case. If one starts from a circular trajectory, characterized by = 0, so τ = 0 and A x = 0, we get a new trajectory with L z = L z cos τ and = sin τ . Also the major semi-axis of the new trajectory is directed along the x-axis. Thus, we have a method of generating all elliptical trajectories from circular ones with the help of canonical transformations.
To end this section we will consider transformations generated by other components of the Runge-Lenz vector. The components A x and A z can be obtained from A y by a rotation by an angle π/2 around a suitable axis. Thus, the transformations generated by A x and A z are the superpositions of rotations and transformations generated by A y . So other components of the Runge-Lenz vector do not lead to new trajectories; all of them can be obtained as superpositions of rotations and transformations generated by A y .
Conclusions
We have studied various solutions of the two-body problem for a given energy and canonical transformations between them. We have shown that the angular momentum generates transformations of solutions without the change of eccentricity. These transformations are simple rotations in the configuration space. Also we have found the canonical transformations that transform a solution with a given eccentricity into another solution characterized by a different eccentricity. Eccentricity is a simple function of the angular momentum; therefore, we may say that the transformations change the angular momentum, without change of energy. The transformations that do not change energy but change angular momentum are generated by the Runge-Lenz vector.
As an example we have considered canonical transformations from circular orbits into elliptical ones. These are obtained by the application of the transformation generated by A. The proof has been restricted to infinitesimal transformations. Full proof requires explicit evaluation of formula (6) for B = A y , which is not easy. An alternative way is to follow the same procedure as was used in the case of finite transformations generated by the angular momentum. In other words, one can reduce formulas (31) and (32) to differential equations that can be solved.
The presented method provides an alternative to the explicit solution of the equations of motion. This method, although straightforward, seems not to be as simple as the standard method of finding solution (2)-(3) to the equations of motion. Nevertheless the example presented here provides an insight into the power of using the canonical transformations linked to the constants of motion.
